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Abstract: By generalizing the dimensionless skill, we investigate the quasinormal modes
and thermodynamics analytically for three types of regular black holes. The deviations
of the first law and Bekenstein bound are shown. Meanwhile, we verify that the second
phase transition and Davies points still exist in regular black holes. In addition, we cal-
culate the quasinormal modes of these black holes in the eikonal limit by applying the
light ring/quasinormal mode correspondence, and discuss their spiral-like shapes and the
relations between the quasinormal modes and thermodynamics of black holes.
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1 Introduction
Black holes (BHs) as the prediction of general relativity (GR) are of special properties, and
expected to be the bridge between a gravitational theory and a quantum theory. Further-
more, the observation of gravitational waves from a binary black hole merger reported by
the LIGO Scientific and Virgo collaborations [1] in 2016 provides a new window to study the
BHs. Thus, the BH physics is now regarded as the core of modern physics. The quasinormal
– 1 –
modes (QNMs) [2] as a complex frequency of damped oscillations from BH perturbations
play an important role in the analysis of BH stability. In particular, the gravitational waves
are just the fundamental mode and thus carry the information of BHs.
The BH solutions of Einstein’s equations are singular, which implies the breakdown of
completeness of spacetimes and embodies the shortage of Einstein’s GR. This singularity
problem is unavoidable in Einstein’s GR, which was proved by Penrose [3] and Hawking
[4] in 1960s. As a result, it has been challenging to find such BH solutions that have no
singularities or that are regular in other words. The first attempt was made by Bardeen [5],
where a kind of BH solutions without singularity in BH centers was obtained with the help
of the relaxing of energy conditions. Later, the similar solutions were shown [6–8] to be
an outcome of the gravitational field coupled to a nonlinear electromagnetic field. Another
interesting attempt originated [9–14] in principle from the noncommutativity of spacetimes,
but actually from a minimum length which is a natural inference of noncommutative (NC)
spacetimes. Such a class of BH solutions was thus named as the noncommutative spacetime
inspired BHs or noncommutative BHs in short. The most recent attempt was reported [15–
17] that a novel 4D Einstein-Gauss-Bonnet (EGB) BH provides a special class of “regular”
solutions. Here the phrase “regular” has a different meaning from that of the two classes
of regular BHs mentioned above. For the Bardeen BHs and noncommutative BHs, the
Ricci scalar, the contraction of two Ricci tensors and two Riemann tensors, are finite in the
physical domain. However, for the 4D EGB BH, its Ricci scalar is divergent though the
metric is nonsingular at the origin (r = 0).1 When an infalling particle approaches to the
center of the 4D EGB BH, the gravitational force becomes repulsive and tends to infinity,
such that the infalling particle never reaches the singular point. In addition, the 4D EGB
BH has a few of noteworthy features, for instance, it circumvents the well-known Lovelock’s
theorem and avoids the Ostrogradsky instability.
As is known, there exists [18, 19] a close relation between QNMs and phase transitions
of BHs, i.e., the QNMs of a singular BH present a spiral-like behavior on the complex
frequency plane when the BH evolves to its Davies point. The Davies point was shown [20]
to be located at the maximum temperature T on the Ω-T and λ-T planes, where Ω and λ
denote the angular velocity and Lyapunov exponent and determine the real and imaginary
parts of QNM frequencies in the eikonal limit, respectively. Since the QNMs are determined
completely by the intrinsic properties of BHs that are associated with dynamics while
the phase transition is a phenomenon that belongs to thermodynamics, such a connection
between QNMs and phase transitions enriches the relationship between the BH dynamics
and BH thermodynamics. Moreover, the regular BHs have different mechanical laws from
that of singular ones, such that they will have different thermodynamic rules, e.g. there is a
correction to entropy [21]. Therefore, it is nontrivial to reexamine the relationship between
dynamics and thermodynamics for the regular BHs. In this paper, we shall adopt the light
ring/QNM correspondence [22, 23] to analytically calculate QNMs of regular BHs, which
provides an efficient estimation of QNMs in the eikonal limit. With the help of such a
1For the charged 4D EGB BH, the origin (r = 0) does not even belong to the physical domain because
the square root appeared in the shape function must be real [16]. In other words, the charged 4D EGB BH
has no “heart”.
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correspondence, we can reveal new and deep relations between the BH dynamics and BH
thermodynamics.
Outline. This paper is organized as follows. In Sec. 2, based on a well-studied 5D Myers-
Perry BH, we briefly elucidate the programs and technics we are going to use for inves-
tigating regular BHs in the following. In addition, we give an explanation that why the
Davies point is located at the maximum temperature on the Ω-T and λ-T planes. We also
show the existence of spiral-like shapes in the complex quasinormal mode plane, where the
real and imaginary components of QNMs are rescaled by angular momenta. The treatment
shown in this section is usually regarded as a typical example for the BHs with singularity.
In Sec. 3 we verify that the regularity and traditional first law of BH mechanics cannot
exist simultaneously in a BH model, and show our motivation for analyzing regular BHs.
Then we consider in Sec. 4 our first regular BH associated with nonlinear electrodynamics
in terms of the dimensionless skill, and compute its QNMs in the eikonal limit. In Sec. 5
we turn to our second regular BH, i.e., the noncommutative Schwarzschild BH, and make a
parallel discussion to that of the BH with a nonlinear electrodynamic source. We study in
Sec. 6 the 4D EGB BH by following the same procedure as that for the above two regular
BHs. We give our conclusions in Sec. 7 where some comments and further extensions are
included. Moreover, we provide three appendices in order to make our paper self-contained.
App. A focuses on a simple introduction to the light ring/QNM correspondence, and App.
B and App. C present a brief review of the dimensionless skill and cone equations, where
the dimensionless skill has been proved to be a powerful technic in dealing with some special
BHs with singularity.
2 The 5D Myers-Perry BH
Thermodynamics of the 5D Myers-Perry black hole. For the 5D Myers-Perry BH
(MP BH) with only one nonzero angular momentum a in the Boyer-Lindquist coordinates,
the metric reads [22, 24, 25]
ds2 =
∆− a2 sin2 ϑ
Σ
dt2 +
2a(r2 + a2 −∆) sin2 ϑ
Σ
dtdϕ−
− (r
2 + a2)2 −∆a2 sin2 ϑ
Σ
dϕ2 − Σ
∆
dr2 − Σ dϑ2 − r2 cos2 ϑ dζ2,
(2.1)
where
Σ = r2 + a cos2 ϑ, ∆ = r2 + a2 − µ. (2.2)
The physical mass and angular momentum are given in terms of mass parameter µ and
angular momentum parameter a as follows,
M =
3µ
8
, J =
2aM
3
. (2.3)
The area of the outer horizon, r+ =
√
µ− a2, can be computed by the integral,
A =
∫
dϑ dφ dζ
√−σ = 2pi2r+
(
a2 + r2+
)
, (2.4)
– 3 –
where σ is the induced metric obtained by the setting of t = const and r = r+, and the
surface gravity can be computed [26] via two Killing vectors that are associated with the
time translation and the axisymmetry,
κ =
r+
a2 + r2+
=
√
96M3 − 81J2
16M2
. (2.5)
Thus one can verify the first law of BH mechanics,
dM =
κ
8pi
dA+ Ω dJ, Ω =
9J
16M2
. (2.6)
Moreover, it can be proved by the semiclassical method [27–29] that the temperature with-
out backreaction obeys the formula, T = κ/2pi, namely,
T =
√
µ− a2
2pi2µ
=
√
96M3 − 81J2
32pi2M2
. (2.7)
Therefore, the linear correspondence between the mechanical and thermodynamical vari-
ables is saved, i.e. T ∝ κ and A ∝ S. The entropy is then obtained,
S =
∫
dM
T
=
A
4
=
1
2
pi2r+
(
a2 + r2+
)
, (2.8)
or it takes the following form in term of M and J ,
S =
2
3
pi2
√
32M3
3
− 9J2. (2.9)
The Smarr formula is JΩ + ST = 2M/3. By the definition of heat capacity, one has
CJ = T
(
∂S
∂T
)
J
=
3pi2µ2
√
µ− a2
8a2 − 2µ =
16pi2M3
√
32M3
3 − 9J2
27J2 − 8M3 . (2.10)
The Davies point can be found from the solution of the algebraic equation, 1/CJ = 0,
J∗ =
√
µ
2
=
2
3
√
2
3
M3/2. (2.11)
For the further discussions, it is convenient to work with the usage of dimensionless
variables. First of all, one needs to introduce a factor lαi for each physical quantity, where
the exponent αi is regarded as an index of scale factors, while l is an arbitrary positive real
number. We are going to make a transformation for every variable, e.g. M → lα1M and
J → lα2J , such that all relevant equations and physical laws are invariant. We observe
that if the index of M is set to be unit, i.e. ind(M) = 1, the indices of the other variables
can be fixed, see Tab. 1. Secondly, there are three ways to construct the dimensionless
quantities since we have two independent parameters, M and J , in the components of
the metric, see Eqs. (2.1), (2.2), and (2.3). The first way is the normalization by M , the
second by J , and the third by the mixture of M and J . Based on the indices in Tab.
1, we introduce a dimensionless quantity m by M = 32mJ
2/3, where the fraction 3/2 is
– 4 –
Table 1: Indices of scale factors.
M J T S CJ κ r+ A Ω λ
1 3/2 −1/2 3/2 3/2 −1/2 1/2 3/2 −1/2 −1/2
introduced to normalize the Davies point to be unit, but generally it is not necessary.
Therefore, we reconstruct the dimensionless formulations of the other variables that are of
course associated with the initial variable M or J . For instance, the dimensionless heat
capacity can be rewritten as CJ/J or CJ/M3/2,
CJ/J = −6pi2m
3
√
4m3 − 1
m3 − 1 , (2.12)
CJ/M
3/2 = −4pi2
√
2
3
m3/2
√
4m3 − 1
m3 − 1 . (2.13)
As a result, the Davies point can be represented as m∗ = 1, see Fig. 1, where the heat
capacity CJ rescaled by the physical angular momentum is shown. The advantage of this
0.8 1.0 1.2 1.4 1.6 1.8 2.0
-40000
-20000
0
20000
40000
m
C
J/J
Figure 1: The heat capacity of the 5D MP BH.
dimensionless skill will be remarkable for most of regular BHs, whose horizons and the other
variables cannot be obtained analytically, which will be shown obviously in the following
models of regular BHs.
Quasinormal modes in the eikonal limit. In order to give the quasinormal modes in
the eikonal limit, one can apply the light ring/QNM correspondence [22]. For the 5D MP
BH, we have the equation,
r2c ± 2a
√
µ− 2µ = 0, (2.14)
– 5 –
where the sign ± corresponds to the corotating and counterrotating orbits, respectively,
and solve the radius of circular null geodesics,
rc =
√
2
√
µ± a√µ. (2.15)
Since two rc’s are larger than r+, we have to consider two cases for calculating QNMs,
where one is the corotating and the other the counterrotating. The results are as follows,
Ωco =
1
−a− 2√µ, Ω
counter =
1
−a+ 2√µ ; (2.16)
λco =
√
2
µ
√
µ+ a
√
µ
a+ 2
√
µ
, λcounter =
√
2
µ
√
µ− a√µ
a− 2√µ . (2.17)
When a approaches to zero, both types of QNMs recover the case of the 5D Schwarzschild
BH. Alternatively, they can be represented via the dimensionless “mass” m,
Ωco
3
√
J = − m
4m3/2 + 1
, Ωcounter
3
√
J =
m
4m3/2 − 1; (2.18)
λco
3
√
J =
m
√
m−3/2 + 2
4m3/2 + 1
, λcounter
3
√
J =
m
√
2−m−3/2
1− 4m3/2 , (2.19)
which can be plotted on the complex frequency plane, where the horizontal and vertical
axes depict the real and imaginary parts of QNMs, respectively, see Fig. 2. Moreover,
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Figure 2: The quasinormal modes of the 5D MP BH on the Ω − λ plane, where the real
and imaginary components of QNMs are rescaled by J . The arrows point to the increasing
of parameter m, and the blue points are Davies points.
we note that both {Ωco 3√J, λco 3√J} and {Ωcounter 3√J, λcounter 3√J} converge to zero when
m approaches to zero. On the other hand, both Ωco 3
√
J and λco 3
√
J vanish when m →
∞, while Ωcounter 3√J = 1/22/3 and λcounter 3√J vanishes when m goes to a critical point,
– 6 –
mcp = 1/2
2/3. This result implies that for the corotating case both the real and imaginary
parts are definable, when m takes values from zero to infinity, while the situation for
the counterrotating case is quite different, i.e., the imaginary part is undefinable if m ∈
(1/24/3, 1/22/3]. In other words, when m takes the values in this range, the 5D MP BH
keeps the oscillation stage without damping for the counterrotating case.
Similarly, since ind(Ω) = ind(λ) = −ind(M)/2, Ω and λ can also be rescaled by mass
M , i.e. both Ω
√
M and λ
√
M are dimensionless. The discussions based on this choice of
scale factors can be made in the same way as the above, so we do not repeat.
However, it is worth to mention that the spiral-like shapes of QNMs in the unit M or
J are much different. As we showed in Fig. 2, in the unit J the spiral-like shape obviously
appears as m increases, it starts at the maximum point of rescaled λ before the Davies
point. But in the unit M , the spiral behavior of complex QNMs does not exist, see Fig. 3.
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Figure 3: The quasinormal modes of 5D MP BH in the real and imaginary complex
frequency plane, where the components of QNMs are rescaled by M . The arrows point to
the increasing of parameter m, and the blue points are Davies points.
Davies point as a saddle point of rescaled temperature T 3
√
J . When the temper-
ature, Eq. (2.7), is rescaled in terms of m,
T
3
√
J =
√
4m3 − 1
8pi2m2
, (2.20)
we can find that T 3
√
J reaches its maximum value
√
3/(8pi2) at the Davies point m∗ = 1.
Moreover, the Davies point is also located at the maximum on the planes {Ω 3√J, T 3√J} and
{λ 3√J, T 3√J}, which can be verified by the derivative test, see Fig. 4. For a small rotation,
the relations between QNMs and temperatures are
Ωco = −pi2T + pi4T 2a+O(a2), λco = pi2T
√
2 +O(a), (2.21)
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Figure 4: The QNMs of the 5D MP BH. The arrows point to the increasing of parameter
m, and the blue points are Davies points.
and
Ωcounter = pi2T + pi4T 2a+O(a2), λcounter = pi2T
√
2 +O(a), (2.22)
where the components of zero orders are consistent with that of the Schwarzschild BH.
In fact, for singular BHs with n parameters αi except mass M , i ∈ [1, n], the Davies
point must correspond to the saddle point of the temperature with respect to the BH mass
(or rescaled mass variable). From the first law of black hole thermodynamics,
dM = T dS + βi dαi, (2.23)
– 8 –
where βi’s are the physical quantities of BHs rather than the temperature, one can derive
1
T
=
(
∂S
∂M
)
αi
, (2.24)
which implies
Cαi = T
(
∂S
∂T
)
αi
= T
(
∂S/∂M
∂T/∂M
)
αi
=
(
∂M
∂T
)
αi
. (2.25)
In other words, the Davies points as the roots of 1/Cαi = 0 must be the saddle points of
T with respect to M , i.e., the Davies points satisfy the equation, (∂T/∂M)αi = 0. On the
other hand, such a property of Davies points would be embodied in QNMs, because QNMs
are closely related to BH masses.
To identify whether the Davies points are a maximum or a minimum, one needs to
observe the second derivative of temperature with respect to mass, i.e.,
∂2MT = −C−2αi ∂MCαi . (2.26)
The Davies points take the maximum value of temperature if ∂MCαi > 0, while they
correspond to the minimum value if ∂MCαi < 0. Meanwhile, these two cases correspond to
two different processes. The former implies that the temperature increases at first if some
amount of heat is given to a BH. After the BH crosses the Davies point, as the amount of
heat increases, the temperature decreases, where the lost energy transforms to radiation.
The latter denotes a completely inverse process, that is, the BH radiates before the Davie
point, after it crosses the critical point, the radiation stops, and then all the amount of heat
given to the BH will show the increasing of temperature.
At the end of this section, we note that we have rescaled T by multiplying 3
√
J in order
to obtain Eq. (2.20). Alternatively, we can also rescale the temperature by multiplying the
factor
√
M ,
T
√
M =
1
8pi2
√
6− 3
2m3
. (2.27)
However, the Davies point (m∗ = 1) is no longer the maximum of T
√
M under this type
of rescaling. The reason is obvious, i.e., M is regarded as a variable but J a constant in
the definition of heat capacity, and such a rescaling changes the function of T with respect
to M . In other words, we have to avoid rescaling the temperature by using M in order to
make the Davies point be located in the saddle point of normalized temperatures.
3 Regularity versus the first law of BHs mechanics
For a spherically symmetric BH, one can assume [30] the shape function is of the form,
f = 1− 2M
r
g(M, r, α), (3.1)
where α is the abbreviation of parameters rather than mass, then one can compute the
surface gravity
κ =
f ′(rH)
2
=
M
r2H
g(M, rH, α)− M
rH
∂
∂rH
g(M, rH, α). (3.2)
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If the traditional first law of BHs is valid, which means dM = κ˜dA/(8pi) + · · · , where A
represents the area of BHs, one gets surface gravity by another way
κ˜−1 =
1
rH
∂rH
∂M
=
r2H
M
M ∂∂M g(M, rH, α) + g(M, rH, α)
g(M, rH, α)− rH ∂∂rH g(M, rH, α)
. (3.3)
The ratio of these two quantities is
κ/κ˜ = M
∂
∂M
g(M, rH, α) + g(M, rH, α). (3.4)
If a BH satisfies the traditional first law, one has κ/κ˜ = 1, which leads to the following
solution,
g(M, rH, α) = 1 +
ζ(rH, α)
M
, (3.5)
namely
g(M, r, α) = 1 +
ζ(r, α)
M
, (3.6)
where ζ(r, α) is an arbitrary function of r and α. The shape function then takes the form,
f = 1− 2M
r
− 2ζ(r, α)
r
. (3.7)
Since the term 2M/r cannot be subtracted anyway, r = 0 remains to be the singular point
of f(r). On the other hand, this implies that the regularity and the traditional first law of
BH mechanics cannot exist simultaneously in a BH model. In addition, if one rewrites the
entropy from the first law as
S =
∫
dA
4
(1 + ρ), ρ = −1 + 8pi
κ(A)
dM(A)
dA
= −1 + κ˜(A)
κ(A)
. (3.8)
It is easy to see that for the system, of which the first law breaks, i.e., ρ 6= 0, the linear
relation S = A/4 is no longer hold. There will be an additional term in the entropy
S = A/4 + δS. In other words, for regular BHs, the traditional first law of BH mechanics
must be broken and the correction to the entropy δS will be non-trivial.
Therefore, a natural question is whether there are second phase transitions, i.e., the
Davies points, in regular BHs where the traditional first law of mechanics has been broken.
If the Davies points appear, will the relationship between QNMs and thermodynamics still
exist? We shall study these issues in the three well-known regular BHs below.
4 Regular BH generated by nonlinear electrodynamics
Let us now take our first example of regular BHs from Ref. [8], which is generated by a
nonlinear electrodynamics. The shape function reads
f(r) = 1− 2M
r
e−
q2
2Mr , (4.1)
– 10 –
where q stands for electric charge. Thereinafter, we call this model the Balart-Vagenas BH
(BV BH). This charged BH does not contain singularity, and has two event horizons,
r+ = − q
2
2MW0
(
− q2
4M2
) , r− = − q2
2MW−1
(
− q2
4M2
) , (4.2)
where W0(z) and W−1(z) are Lambert’s W functions. Because Lambert’s W functions
are not homogenous, we only need to rescale z to be dimensionless in order to have a
dimensionless horizon. The scale factors of related variables are listed in Tab. 2.
Table 2: Indices of scale factors.
M q T S Cq κ r± A Ω λ
1 1 −1 2 2 −1 1 2 −1 −1
Considering the characters of the model mentioned above, we introduce the rescaled
parameters x and Q as follows,
r → 2Mx
Q2
, q → 2M
Q
, (4.3)
such that f(rH) = 0 becomes
1− Q
2e−1/xH
xH
= 0. (4.4)
We then solve Q from Eq. (4.4),
Q± = ±e
1
2xH
√
xH. (4.5)
This equality will be frequently used as the formula satisfied by the dimensionless horizon
in the following. Moreover, we can find the horizon radius and charge of an extremal BH,
xext = 1, Q
±
ext = ±
√
e, (4.6)
or in terms of the original variables,
rext = 2Mexte
−1, Mext/qext = ±
√
e/2. (4.7)
We note that if the mass-to-charge ratio |M/q| is less than √e/2, no horizons exist, but
there are two distinguished horizons if |M/q| > |Mext/qext| =
√
e/2.
4.1 Geometric quantity and regularity
To verify the regularity of spacetime, we compute the Ricci scalar of the BV BH,
R(r) = q
4
2Mr5
e−
q2
2Mr =
Q6
4M2x5
e−1/x, (4.8)
– 11 –
which is positive and finite when the radial coordinate is from zero to infinity, i.e., the BV
BH has a de Sitter core inside. On the two boundaries, r → 0 and r →∞, the Ricci scalar
vanishes, R(0)→ 0 and R(∞)→ 0, and it reaches its maximum value at r = q2/(10M),
R
(
q2
10M
)
=
50000M4
e5q6
. (4.9)
The contraction of two Ricci tensors takes the form,
Rµν(r)Rµν(r) =
q4e−
q2
Mr
(
32M2r2 − 8Mq2r + q4)
8M2r10
=
Q12e−2/x
(
8x2 − 4x+ 1)
32M4x10
,
(4.10)
which is nonsingular on the two boundaries, Rµν(0)Rµν(0)→ 0 and Rµν(∞)Rµν(∞)→ 0.
In addition, the Kretschmann scalar reads
Rρµνβ(r)Rµνβρ (r) =
e−
q2
Mr
(
192M4r4 − 192M3q2r3 + 96M2q4r2 − 16Mq6r + q8)
4M2r10
=
Q12e−2/x
(
12x4 − 24x3 + 24x2 − 8x+ 1)
16M4x10
,
(4.11)
which also keeps nonsingular at the origin and infinity, that is, Rρµνβ(0)Rµνβρ (0) → 0 and
Rρµνβ(∞)Rµνβρ (∞)→ 0. In summary, we have verified the regularity of spacetime.
4.2 Deformation of the first law of BH mechanics
The first law of traditional black holes is breakdown in regular black holes. To search
differences between them, we investigate the first law of the BV BH. First, the area can be
obtained,
A = 4pir2+ = 16piM
2e
2W0
(
− q2
4M2
)
. (4.12)
Next, we give the surface gravity without backreaction,
κ =
f ′(r+)
2
= −M
q2
W0
(
− q
2
4M2
)[
W0
(
− q
2
4M2
)
+ 1
]
, (4.13)
and derive the potential by integrating the electric field with respect to the radial coordinate,
φ =
∫ ∞
r+
dr E, E =
q
r2
(
1− q
2
8Mr
)
exp
(
− q
2
2Mr
)
, (4.14)
namely
φ =
1
8Mq
 3q2
W0
(
− q2
4M2
) + 12M2 + q2
 . (4.15)
As we mentioned in Sec. 3, it turns out that these mechanical variables do not satisfy the
first law, i.e., dM 6= κdA/(8pi) + φ dq. This character of the BHs generated by nonlinear
– 12 –
electrodynamics has already been noticed in Refs. [31, 32]. By differentiating the area, we
find
dM =
κ˜
8pi
dA+ φ˜ dq, (4.16)
where the coefficients of dA and dq can be computed explicitly,
κ˜ =
4M3
q4
[
W0
(
− q
2
4M2
)]2 1 +W0 (− q24M2)
1−W0
(
− q2
4M2
) , (4.17)
φ˜ =
2M
q
1− 1
1−W0
(
− q2
4M2
)
 . (4.18)
This shows that we cannot use the traditional first law of black holes to describe regular
black holes and should rebuild a new first law of BH mechanics.
By rearranging the coefficients in Eq. (4.16), we can give the modified first law of BH
mechanics,
dM =
κ
8pi
dA+ φ dq + η dM − 3
4
η
Q
dq, (4.19)
where the last two terms of right side is corrected terms for the traditional first law, and
the corresponding Smarr formula is
M =
κ
4pi
A+ φq + ηM − 3
4
η
Q
q, (4.20)
where
η ≡ 1− κ
κ˜
= 1−Q2 − eW0(−Q2). (4.21)
Now we try to build the relationship among entropy, temperature and mass. At first, the
equality (
∂S
∂E
)
q
=
1
T
(4.22)
should hold for any thermodynamical systems, where E is total energy. Then, we can verify
by the semiclassical method [27–29] that the temperature without backreaction still obeys
the formula,
T =
κ
2pi
=
f ′(r+)
4pi
. (4.23)
Therefore, we conclude that the linear correspondence, S ∼ A, no longer holds.
Let us consider a deformation of entropy by following Ref. [33]. If the linear correspon-
dence, E ∼M , still holds, the first law becomes
dE = T dS + Φ dq, (4.24)
where
dE = dM, dS = 1
4
dA+
η
T
dM, Φ = φ− 3
4
η
Q
=
q
2M
. (4.25)
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In the integration of dS, we calculate the second part at first,
δS ≡
∫
η
T
dM =
piq2
W0
(
− q2
4M2
) [eW0(− q24M2) − 1] , (4.26)
and then have the total entropy,
S =
A
4
+ δS. (4.27)
We plot the dependence of entropy deviation on area in Fig. 5.
20 40 60 80 100 120
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δS/M2
Figure 5: The dependence of entropy deviation on area.
Since δS = 14ASch
(√
A/ASch −A/ASch
)
is non-negative, we can conclude that the
entropy bound of the BV BH must be altered, i.e., it is different from the Bekenstein bound,
S ≥ A/4, for singular BHs. Moreover, due to the property of Lambert’s W functions, we
have Q ≥ √e. Thus, on the one hand, A/M2 → 16pi2/e2 and δS/M2 → 4(e − 1)pi/e2
as Q → √e; and on the other hand, A/M2 → 16pi2 and δS/M2 → 0 as Q → ∞. In
other words, as the BV BH turns back to the Schwarzschild BH, the correction to entropy
vanishes. Substituting one quarter of the area,
A
4
= pir2+ = 4piM
2e
2W0
(
− q2
4M2
)
, (4.28)
into Eq. (4.27), we get
S = 4piM2e
W0
(
− q2
4M2
)
. (4.29)
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4.3 Heat capacity and Davies points
Let us search whether there exists a second phase transition in the BV BH which has a
different first law from that of singular BHs. According to the indices of scale factors, we
recast the temperature in the dimensionless form,
TM = −Q
2
8pi
W0
(
− 1
Q2
)[
W0
(
− 1
Q2
)
+ 1
]
, (4.30)
where mass M is regarded as unit, then we obtain the dimensionless heat capacity in the
unit of M ,
Cq/M
2 =
T
M2
·
(
∂S
∂T
)
q
=
8pi
[
e
W0
(
− 1
Q2
)
− 1
Q2
]
[
W0
(
− 1
Q2
)
− 2
]
W0
(
− 1
Q2
)
− 1
. (4.31)
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Figure 6: The heat capacity vs 2M/q (rescaled parameter Q) of the BV BH. The heat
capacity diverges at Q∗ ≈ 1.91.
From Fig. 6, we find that there is still a Davies point at which a second phase transition
happens in the BV black hole although its entropy is different from that of singular black
holes which is related to area. By solving the algebra equation, 1/Cq = 0, we get the Davies
point,
Q∗ = ± e
1√
2
− 1
2√√
2− 1
≈ ±1.91, (4.32)
at which the horizons of the BV black hole are
(x∗H1)
−1 =
√
2− 1, (x∗H2)−1 = −W−1
[
e1−
√
2
(
1−
√
2
)]
. (4.33)
Numerically, we have x∗H1 ≈ 2.41 > xext and x∗H2 ≈ 0.51 < xext, which implies that only
x∗H1 is physical.
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The temperature and heat capacity can also be rewritten in the unit of charge q,
Tq = − Q
4pi
W0
(
− 1
Q2
)[
W0
(
− 1
Q2
)
+ 1
]
, (4.34)
and
Cq/q
2 =
2pi
[
W0
(
− 1
Q2
)
+ 1
]
−W 30
(
− 1
Q2
)
+ 2W 20
(
− 1
Q2
)
+W0
(
− 1
Q2
) . (4.35)
For the further discussions in the next subsection, it is convenient to represent the temper-
ature in terms of horizon xH with the help of Eq. (4.4). That is, using Q2 = e1/xHxH to
replace Q2 in the temperature, we compute
TM = −e
1
xH xH
8pi
W0
(
−e
− 1
xH
xH
)[
W0
(
−e
− 1
xH
xH
)
+ 1
]
, (4.36)
and
Tq = −e
1
2xH
√
xH
4pi
W0
(
−e
− 1
xH
xH
)[
W0
(
−e
− 1
xH
xH
)
+ 1
]
. (4.37)
When xH = xext, the temperatures in the two units vanish, i.e. TM = 0 and Tq = 0, which
is similar to the case of the extreme RN black hole. Moreover, since xH ≥ 1, considering
the property of Lambert’s W functions, we simplify the above temperatures to be
TM =
e
1
xH
8pi
(
1− 1
xH
)
, T q =
e
1
2xH
4pi
√
xH
(
1− 1
xH
)
. (4.38)
4.4 Quasinormal modes in the eikonal limit
To calculate the QNMs, we start with the equation of photon spheres, Eq. (A.4), which
takes the form for the BV BH,
e−
q2
2Mrc
(
q2
rc
− 6M
)
+ 2rc = 0. (4.39)
The radius of photon spheres cannot be solved analytically from the above equation. Thus
we use the variables x and Q and simplify Eq. (4.39) to be
Q2(3xc − 1) = 2e1/xcx2c . (4.40)
It can be visualized in the xc − Q plane, see Fig. 7, where Q reaches its extreme value at
x0 =
(√
13 + 5
)
/6 > xext.
In other words, for a positive charge, if |Q+| < Q+0 ≡ Q+(x0), the radius of photon
spheres does not exist; if |Q+| = Q+0 , there is one single root, x0; if |Q+| > Q+0 , there are
two photon radii, one is inner, r−c , and the other is outer, r+c .
The real and imaginary components of QNMs can be found in the two units, M and
q, respectively,
ΩM = e
1
xc xc
√
xc − 1
(3xc − 1)3
, |λ|M = e
1
xc xc
3xc − 1
√
(xc − 1)[xc(3xc − 5) + 1]
(1− 3xc)2xc , (4.41)
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Figure 7: The dependence of the rescaled charge to the rescaled radius of photon spheres.
The orange curve denotes Eq. (4.40), while the blue line xc = xext.
and
Ωq =
e
1
2xc
√
2
√
xc − 1
3xc − 1 , |λ| q =
e
1
2xc
√
2√
3xc − 1
√
(xc − 1)[xc(3xc − 5) + 1]
(1− 3xc)2xc . (4.42)
The QNMs in the two different units are shown in Fig. 8. Note that the imaginary parts
of QNMs disappear in the range of 1 < xH < xp ≡
(
5 +
√
13
)
/6. Does it mean that there
are only normal modes of perturbation for the BV BH? We shall answer this question by
analyzing the relationship between the photon sphere radius xc and the horizon radius xH
below.
To investigate the dependence of temperature on QNMs, we have to represent the
temperature and QNMs in a consistent way, namely, we replace xH in the temperature by
xc via the following relation,
e
1
xH xH +
2e
1
xc x2c
1− 3xc = 0, (4.43)
which is dubbed “black hole-photon sphere cone” (BH-PS cone) and obtained by combining
f(xH) = 0 with the photon sphere radius, Eq. (4.40). This name comes from the similarity
to the Dirac cone in form. The BH-PS cone is plotted in Fig. 9. Since the extremal BH has
the minimal horizon radius and the photon sphere surrounds it, only the range II in Fig. 9
is physical. The BH-PS cone equation can be solved exactly,
x−1H1 = −W0
[
e−1/xc(1− 3xc)
2x2c
]
, x−1H2 = −W−1
[
e−1/xc(1− 3xc)
2x2c
]
. (4.44)
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Figure 8: The QNMs of the BV BH in two different units. The orange curves correspond
to real parts (ΩM , Ωq) of QNMs, while the blue curves to imaginary parts (|λ|M , |λ|q).
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Figure 9: The PS-BH cone of the BV BH. The horizontal and vertical dashed grey lines,
xc = 1 and xH = 1, correspond to the photon sphere radius and the horizon radius in the
extremal BV BH, respectively. The two lines separate the xH − xc plane into four ranges,
which are labeled by the Roman numerals.
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According to the property of Lambert’s W functions [34], we find xH1 > 1 and 0 < xH2 < 1,
which means that only xH1 belongs to the range II. The xH − xc relationship also provides
an explanation why the imaginary part of QNMs disappears in the certain range of Fig. 8,
i.e. xext < xH < xp ≡
(
5 +
√
13
)
/6. Moreover, the imaginary part of QNMs is defined in
the whole physical domain if the upper and lower parts of the cone connect without gap,
see App. C for the details.
The other advantage of the cone equation is that it gives an answer if the QNMs can
reduce to normal modes in the damping process of BHs. As we mentioned above, the only
physical range of Fig. 9 is the range II. The minimum state of this range can be numerically
computed, i.e. xc = 2.19 > xp. Therefore, a BH can never cross to xp in its damping process
even though xp > xext.
Omitting the subscript 1 and replacing xH with xc, we rewrite the temperatures in the
units of M and q, respectively, as a function of xc,
TM =
e
−W0
[
e
− 1xc (1−3xc)
2x2c
]
8pi
[
W0
(
e−
1
xc (1− 3xc)
2x2c
)
+ 1
]
, (4.45)
and
Tq =
e
− 1
2
W0
[
e
− 1xc (1−3xc)
2x2c
]
4pi
√√√√−W0 [e− 1xc (1− 3xc)
2x2c
][
W0
(
e−
1
xc (1− 3xc)
2x2c
)
+ 1
]
. (4.46)
Then, the dependences of temperature on the real and imaginary parts of QNMs can be
shown in Fig. 10 and Fig. 11, respectively, with respect to the two different units. As we
demonstrated in the previous section, the Davies points are still located at the maxima in
the planes Ωq−Tq and λq−Tq, see Fig. 11. But for the planes ΩM −TM and λM −TM ,
such a phenomenon does not happen, see Fig. 10.
For the complex frequency plane, the QNMs are exhibited in Fig. 12, where the Davies
points are displayed as well. The spiral-like shape of QNMs is shown in the unit of q, but
it is not so apparent in unit of M .
5 Noncummutative Schwarzschild BH
Now we turn to consider our second example, the noncummutative (NC) Schwarzschild BH
[10] whose shape function is
f(r) = 1− 4M
r
√
pi
γ(3/2, r2/4θ), (5.1)
where γ(3/2, r2/4θ) is the lower incomplete gamma function,
γ
(
3
2
,
r2
4θ
)
=
∫ r2
4θ
0
dt t1/2e−t. (5.2)
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Figure 10: The dependence of temperature on QNMs rescaled by mass in the BV BH.
The arrow points the direction of increasing xc. The blue points are Davies point.
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Figure 11: The dependence of temperature on QNMs rescaled by charge in the BV BH.
The arrow points the direction of increasing xc. The Davies points (blue dots) are located
at the maxima in the graph.
The indices of scale factors for the relevant variables are shown in the Tab. 3. Therefore,
we have two methods to rescale the variables. Firstly, θ is regarded as unit, so r and M as
initial variables can be rescaled as follows,
r/
√
θ = u(x), M/
√
θ = α(Θ). (5.3)
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Figure 12: The QNMs of the BV-BH in two different units in the complex frequency plane.
The blue points are Davies points, the arrows point the direction of increasing xc.
Table 3: Indices of scale factors.
M θ T S Cθ κ r A Ω λ
1 2 −1 2 2 −1 1 2 −1 −1
where u(x) and α(Θ) are two arbitrary functions which will be fixed below. Secondly, mass
M is regarded as unit, r and θ as initial variables can correspondingly be rescaled by
r/M = g(x), θ/M2 = ζ(m), (5.4)
where g(x) and ζ(m) are arbitrary, and x, m and Θ are dimensionless.
Considering the specific property of Gamma functions and the linearity of the trans-
formation, we prefer to adopt the first rescaling method and obtain the concise relations:
f(x) ∝ x and α(Θ) ∝ Θ−1. Based on the relations, we find that it is convenient for horizons
to make the following rescaling,
r = 2xMΘ, θ = Θ2M2, (5.5)
where x ≥ 0 and Θ ≥ 0. As a result, the horizon radius can be obtained from f(rH) = 0,
1− 2γ
(
3
2 , x
2
H
)
√
pixHΘ
= 0, (5.6)
or
Θ =
2√
pixH
γ
(
3
2
, x2H
)
. (5.7)
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Here xH denotes the normalized horizon, where xH = 0 corresponds to the origin and
xH = ∞ to the horizon in the standard Schwarzschild BH. Moreover, Θ(xH) as a function
of horizon radii is of a global maximum, see Fig. 13, which implies no horizons when
Θ > Θmax, but two event horizons when 0 < Θ < Θmax. Θmax corresponds to the extremal
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Figure 13: The orange curve depicts Eq. (5.6) or Eq. (5.7). The dashed lines are
rH/(2M) = 0.79 and θ/M2 = 0.28, respectively.
BH and can be numerically computed by the first-derivative test,
Θ′(xH) =
4xH√
pi
e−x
2
H − 2
x2H
√
pi
γ
(
3
2
, x2H
)
= 0. (5.8)
The root is located at xext ≈ 1.51 which corresponds to the maximum value Θmax ≈
0.53. Then from Eq. (5.5), we get the event horizon for the extremal noncommutative
Schwarzschild BH,
rext ≈ 3.02
√
θ, (5.9)
when M ≈ Mext = 1.90
√
θ. Moreover, the area of the extremal case is Aext ≈ 114.61θ,
which coincides with the results in Refs. [10, 35].
5.1 Geometric quantities and regularity
The regularity of black holes is related to geometric quantities of spacetime. The most
immediate quantity is the Ricci scalar,
R(r) = Me
− r2
4θ
(
8θ − r2)
2θ5/2
√
pi
=
2e−x2
(
2− x2)
Θ3M2
√
pi
, (5.10)
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which approaches to the following foms in the two limits, r → 0 and r →∞,
R(0) = 4M
θ3/2
√
pi
> 0, R(∞) = 0. (5.11)
In addition, R has a critical value at r0 = 2
√
2θ, i.e. R(2√2θ) = 0, and changes its sign as
r increasing from the inside to the outside range of the noncommutative Schwarzschild BH,
R(r)

> 0, r < r0
< 0, r > r0
= 0, r = r0, ∞
(5.12)
which implies that the noncommutative Schwarzschild BH has a dS core and an AdS outer
horizon. For other geometric quantities, such as the “square” of the Ricci tensor, one has
RµνRµν = 4/(piM4Θ6) at one side r → 0, and RµνRµν → 0 on the other side r → ∞;
for the Kretschmann scalar, RρµνβRµνβρ = 8/(3piΘ6M4) = 8M2/(3piθ3) as r → 0, and
RρµνβRµνβρ → 0 as r → ∞. We notice that all the above geometric quantities are regular,
so the noncommutative black hole is regular anywhere. The above demonstrations can
alternatively be seen clearly in Fig. 14.
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Figure 14: The Ricci scalar of the noncommutative Schwarzschild BH.
5.2 Deformation of the first law of black bole mechanics
Using the same method as in the BV BH, we try to rebuild the relationship among en-
tropy, temperature and mass in the NC Schwarzschild BH. The surface gravity without the
backreaction reads
κ =
f ′(rH)
2
=
1
2rH
1− r3He− r2H4θ
4θ3/2γH
 , (5.13)
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where γH can be represented via the exact horizon rH,
γH ≡ γ
(
3
2
,
r2H
4θ
)
=
rH
√
pi
4M
. (5.14)
Using Eqs. (5.13) and (5.14), we calculate the variation of mass,
dM =
√
pi
4γH
1− r3He− r2H4θ
4θ3/2γH
 drH. (5.15)
Then considering the variation of area, dA = 8pirH drH, we obtain the deformation of the
first law of BH mechanics,
rH
2M
dM =
κ
8pi
dA. (5.16)
Note that rH/2M → 1 as θ → 0, i.e., the deformation disappears. To reconstruct the first
law of BH thermodynamics, let us apply T = κ/2pi and rearrange Eq. (5.16) to be
dM = T dS, dS =
dA
4
+
2pi
κ
(
1− rH
2M
)
dM. (5.17)
Since 0 ≤ rH ≤ 2M , the second part in dS is positive. This implies that dS ≥ dA/4. The
entropy can be obtained by the integral,
S =
∫
dM
T
=
A
4
+ δS, δS = 8piθ
∫ z
zext
dz˜
√
pi− 2γ (32 , z˜)
4γ
(
3
2 , z˜
) , (5.18)
where z = r2H/(4θ) = A/(16piθ) and zext = r
2
ext/(4θ) ≈ 2.28, see Fig. 15.
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Figure 15: The dependence of entropy deviation with respect to BH area for the noncom-
mutative Schwarzschild BH.
As θ approaches to zero, the upper limit in the integral of entropy deviation, δS, tends
to infinity, i.e. z →∞, and the integral is finite,∫ ∞
zext
dz˜
√
pi− 2γ (32 , z˜)
4γ
(
3
2 , z˜
) ≈ 3.33, (5.19)
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which implies that the relation between S and A reduces to the standard form, S = A/4,
in the limit θ → 0. That is to say, the noncommutative Schwarzschild BH turns back to
the normal Schwarzschild BH. Alternatively, the entropy can be obtained by the integral
[36],
S =
∫
dM
T
= 8pi3/2θ
∫ z
zext
dz˜
γ
(
3
2 , z˜
) , (5.20)
which coincides with Eq. (5.18).
5.3 Heat capacity and Davies points
The temperature of the noncommutative Schwarzschild BH in the unit θ reads
T
√
θ =
1
8pixH
− e
−x2Hx2H
4piγH
, (5.21)
and the heat capacity takes the form by the rescaled horizon xH,
Cθ/θ =
T
θ
·
(
∂S
∂T
)
θ
=
4pi3/2x2H
(
γH − 2x3He−x
2
H
)
−γ2H + 4e−x
2
H
(
x2H − 1
)
x3HγH + 4x
6
He
2x2H
. (5.22)
The Davies point can be found numerically, i.e. x∗H ≈ 2.38 or r∗H ≈ 4.76
√
θ > rext ≈ 3.02
√
θ.
See Fig. 16 for the graph of the heat capacity versus the horizon radius rescaled by θ.
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Figure 16: The heat capacity versus the horizon radius for the noncommutative
Schwarzschild BH in the unit of θ.
In addition, the dimensionless temperature can also be cast in the unit M,
TM =
γH − 2x3He−x
2
H
8
√
piγH
(
3γH − 2x3He−x
2
H
) , (5.23)
and so is the heat capacity,
Cθ/M
2 =
16
√
piγ2H
(
γH − 2x3He−x
2
)
−γ2H + 4e−x
2
H
(
x2H − 1
)
x3HγH + 4x
6
He
−2x2H
. (5.24)
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5.4 Quasinormal modes in the eikonal limit
Although the radius of photon spheres, rc, cannot be solved exactly from Eq. (A.4) which
has the form for the noncommutative Schwarzschild BH as follows,
2
(
rc
√
pi− 6Mγc
)
+ θ−3/2Mr3ce
− r
2
c
4θ = 0, (5.25)
where γc ≡ γ
(
3
2 ,
r2c
4θ
)
, we can still represent the physical quantities in terms of rc. Using
the transformation Eq. (5.5), we simplify the above equation to be(
Θxc
√
pi− 3γc
)
+ 2x3ce
−x2c = 0, (5.26)
where the normalized radius xc and horizon xH are connected through Θ. Comparing Eq.
(5.26) with Eq. (5.6), we derive the BH-PS cone equation,
x−1H γH =
3
2
x−1c γc − e−x
2
cx2c . (5.27)
See Fig. 17 for the graph of the horizon radius versus the photon sphere radius in the unit
θ.
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Figure 17: The PS-BH cone of the noncommutative Schwarzschild BH. The orange curve
denotes the PS-BH cone, while the dashed gray lines correspond to the extremal value 1.51.
The derivative of xc with respect xH equals
x′c(xH) = −
−3γc + 4e−x2Hx2Hxc + 2e−x
2
cx3c
(4x2c + 2) γH − 6xHxcγc
. (5.28)
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where the stationary points correspond to the roots of equation x′c = 0. With the help of
Eq. (5.27), we obtain the reduced constraint for the stationary points,
2x3He
−x2H − γH = 0. (5.29)
Because the left hand side of the above equation is proportional to Eq. (5.8), we conclude
that the above equation has the same roots as that of Θ′ = 0, i.e., xH = xext ≈ 1.51 is
associated with two extremal values of xc. One is xc = xext, which can be verified by
directly substituting it into Eq. (5.27); the other solution can be numerically computed,
xc ≈ 2.84. Since the outer horizon radius and the photon sphere radius should be great
than rext, only the range II in Fig. 17 is physical.
As done in the previous section, we calculate the real and imaginary parts of QNMs of
the noncommutative Schwarzschild BH in the unit M, respectively,
ΩM =
√
pi
2
√
γc − 2x3ce−x2c(
3γc − 2x3ce−x2c
)3/2 , (5.30)
λM =
√
pi
2
√(
γc − 2x3ce−x2c
) [
3γc − 2e−x2c (2x5c + x3c)
]
(
3γc − 2x3ce−x2c
)2 . (5.31)
We note that the same factor,
√
γc − 2x3ce−x2c , appears in the numerators of ΩM and λM
and that it is formally proportional to Eq. (5.8). This implies that both Ω and λ vanish
as rc → rext. In addition, λ is of another zero at the critical point xp ≈ 2.02. Considering
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Figure 18: The QNMs of the noncommutative Schwarzschild BH with respect to the
photon sphere radius in the unit of M (left) and θ (right). The orange curves denote the
real part of QNMs, while the blue curves the imaginary part which is defined in the range
xc ≡ rc/(2
√
θ) > 2.02.
xc ≥ 2.84 (the minimum point in physical range II, see Fig. 17.), we deduce that the physical
QNMs in eikonal limit will never be zero. See the left graph of Fig. 18 for the details.
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Moreover, the real and imaginary parts of QNMs in the unit of θ can be computed,
respectively,
Ω
√
θ =
1
2xc
√
γc − 2x3ce−x2c
3γc − 2x3ce−x2c
, (5.32)
λ
√
θ =
√
3γ2c − 4e−x2c (x2c + 2)x3cγc + 4e−2x2c (2x8c + x6c)
6xcγc − 4x4ce−x2c
. (5.33)
The shape of QNMs in this unit does not change too much when compared with that in
the unit of M , see the right graph of Fig. 18.
As to the spiral-like shape in the noncommutative Schwarzschild BH, we have a quite
interesting discovery. The spiral-like shape does not exist when the QNMs are rescaled in
the unit of M , but the obvious spiral-like shape appears when the QNMs are rescaled in
the unit of θ. This implies that the spiral-like shape depends on the way of rescaling. See
Fig. 19 for the details.
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Figure 19: The real part versus the imaginary part of QNMs for the noncommutative
Schwarzschild BH in the unit of M (left) or θ (right). The arrows point to the direction of
increasing xc. The blue dots are Davies point.
The dependence of temperature on the real and imaginary parts of QNMs in the unit
of M is shown in Fig. 20. As we have demonstrated, the Davies point does not locate at
the maximum of the curves.
The dependence of temperature on the real and imaginary parts of QNMs in the unit
of θ is shown in Fig. 21, where the Davies points are located at maximum of the curves as
expected.
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Figure 20: The dependence of temperature on the real and imaginary parts of QNMs in
the unit ofM for the noncommutative Schwarzschild BH. The arrows point to the direction
of increasing xc. The blue points are Davies points.
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Figure 21: The dependence of temperature on the real and imaginary parts of QNMs in
the unit of θ for the noncommutative Schwarzschild BH. The arrows point to the direction
of increasing xc. The Davies points (blue points) are located at maximum in the plots.
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6 4D Einstein-Gauss-Bonnet BH
6.1 Horizons and regularity
The shape function of 4D EGB BHs reads [15]
f(r) = 1 +
r2
2α
(
1±
√
1 +
8Mα
r3
)
, (6.1)
and the corresponding metric is regular at the center, r = 0. The branch with “+” sign is
unstable as discussed in Ref. [21]. For the branch with “−” sign, the horizons are
r± = M ±
√
M2 − α. (6.2)
Thus, for the extreme case one has the horizon radius, rext =
√
α, and the corresponding
area, Aext = 4piα.
The scale indices are shown in Tab. 4. Based on this, we can choose the following
Table 4: The 4D EGB BH
M α r A S C κ T
1 2 1 2 2 2 −1 −1
parameterization,
r → aMx, α→ a2M2, (6.3)
and obtain the rescaled horizon,
x± = ±
√
1
a2
− 1
2
+
1
a
, (6.4)
from which the parameter domain of a can be fixed, 0 < a <
√
2. The horizon equation
can be represented by
a =
2xH
x2H + 1
, (6.5)
and the horizon for the extreme BH can then be obtained, xext = 1.
Around the origin, the leading order of the Ricci scalar takes the form,
R = 15
2r3/2
√
M
α
− 12
α
+O
(√
r
)
, (6.6)
while around r =∞, it reads
R = −12αM
2
r6
+O
(
r−7
)
. (6.7)
Namely, the 4D EGB BH is of dS cone near the origin and AdS far out of the horizon.
Although the Ricci scalar is divergent when r → 0, the gravitational force is repulsive at a
short distance and thus an infalling particle never reaches the origin as mentioned in Ref.
[15]. Therefore, the regularity of 4D EGB BHs can be saved.
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6.2 Deformation of the first law of black bole mechanics
Due to the regularity of 4D EGB BHs, we should deform its first law of mechanics. The
surface gravity of the 4D EGB BH is
κ =
f ′(rH)
2
=
r2H − α
2rH
(
r2H + 2α
) . (6.8)
Using Eq.(6.2), we calculate the variation of mass,
rH√
M2 − α dM = drH (6.9)
Then considering the variation of area, dA = 8pirH drH, we obtain the deformation of the
first law of BH mechanics,
r2H
2α+ r2H
dM =
κ
8pi
dA, dM =
κ
8pi
dA+
2α
r2H + 2α
dM, (6.10)
where the deformation disappears when α → 0. And correspondingly the first law of BH
thermodynamics reads
dM = T dS, dS =
(
1
4
+
2piα
A
)
dA. (6.11)
The entropy can be calculated,
S =
A
4
+ δS, δS = 2piα ln
(
A
Aext
)
, (6.12)
where A is bounded by Aext = ASch = 16piM2. δS is regarded as the correction to the
entropy, and vanishes as α→ 0, see Fig. 22.
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Figure 22: The dependence of entropy deviation on BH area.
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6.3 Heat capacity and Davies points
The temperature can be represented in the unit of M as
TM =
x4H − 1
8pix2H
(
x2H + 2
) , (6.13)
and in the unit of α as
T
√
α =
x2H − 1
4pi
(
x3H + 2xH
) . (6.14)
Moreover, the heat capacity can be rewritten in the unit of M to be
Cα/M
2 = − 8pix
2
H
(
x6H + 3x
4
H − 4
)(
x2H + 1
)2 (
x4H − 5x2H − 2
) , (6.15)
and in the unit of α to be
Cα/α = −
2pi
(
x2H − 1
) (
x2H + 2
)2
x4H − 5x2H − 2
, (6.16)
Thus, the Davies point can be calculated analytically from α/Cα = 0,
x∗H ≡ r∗H/
√
α =
√
1
2
(√
33 + 5
)
. (6.17)
We plot the heat capacity with respect to the horizon in Fig. 23, which shows the existence
of a second phase transition in the 4D EGB BH.
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Figure 23: The heat capacity of the 4D EGB BH in the unit of α.
6.4 Quasinormal modes in the eikonal limit
According to the equation of photon spheres (A.4), the relationship between the dimen-
sionless radius xc and parameter a is
a2x3c − 9xc + 8a = 0. (6.18)
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Replacing a by the horizon xH in the Eq.(6.5), we obtain the cone equation,
9x4Hxc − 16x3H − 2x2H(2x3c − 9xc)− 16xH + 9xc = 0, (6.19)
from which the minimum of the upper cone can be solved, xc =
(√
33− 1) /2 ≈ 2.37.
For the 4D EGB BH, the relation of the photon sphere radius versus the horizon radius is
plotted in Fig. 24.
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Figure 24: The PS-BH cone of the 4D EGB BH. The orange curves denote the PS-BH
cone. The dashed gray lines correspond to the extremal value 1.
Since there is a gap between the upper and lower cones, we know that the imaginary
part of QNMs must vanish in some range of the gap. We compute the real and imaginary
parts of QNMs in the unit of α, respectively,
Ω2α =
(
4 +
√
9x4c + 16
9
√
2x5c
)2 (
−9x4c + 8
√
9x4c + 16− 32
)
×
(
−2− x2c + x2c
√
1 +
8
−4 +√9x4c + 16
)
,
(6.20)
and
λ2α =
[
−9x4c + 8
(
−4 +
√
9x4c + 16
)](
−2− x2c + x2c
√
1 +
8√
9x4c + 16− 4
)
×
[
−12 +
√
9x4c + 8
(
4 +
√
9x4c + 16
)](
3
√
2x3c
4
√
32 + 9x4c − 8
√
9x4c + 16
)−2
.
(6.21)
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The corresponding plots of Ω and λ versus α are shown in Fig. 25. As mentioned in the
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Figure 25: The QNMs of the 4D EGB BH with respect to the photon sphere radius in the
unit of α. The orange curve denotes the real part of QNMs, while the blue curves denote
the imaginary part defined in the range of xc > xp = 2/ 4
√
3.
above, the imaginary part of QNMs vanishes in the range: 1 ≤ xc ≤ xp = 2/ 4
√
3 ≈ 1.52.
The reason is that the BH cannot cross xp in the damping process although the minimum
of the upper cone (2.37) is great than xp ≈ 1.52.
In addition, we compute the real and imaginary parts of QNMs in the unit of M ,
respectively,
ΩM =
x2c√
6
√
6 + 3x2c −
√
32 + 9x4c + 8
√
16 + 9x4c√
16 + 9x4c − 4
, (6.22)
and
λ2M2 =
(
6 + 3x2c −
√
32 + 9x4c + 8
√
9x4c + 16
)(
−12 +
√
32 + 9x4c + 8
√
9x4c + 16
)
×
(
54
√
32 + 9x4c − 8
√
16 + 9x4c
)−1
.
(6.23)
We plot the relation of the QNMs with respect to the photon sphere radius in the unit of
M for the 4D EGB BH in Fig. 26, where we can see the similar behaviors to that in the
unit of α when we compare Fig. 26 with Fig. 25.
We also plot the relations of the real part versus the imaginary part of QNMs for the
4D EGB BH in the unit of M and α in Fig. 27. Note that we find the similar spiral-like
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Figure 26: The QNMs of the 4D EGB BH with respect to the photon sphere radius in
the unit of M . The orange curve denotes the real part of QNMs, while the blue curves
denote the imaginary part. There exists a gap for the imaginary part in the range of
1 < xc < 2/
4
√
3.
shape to that in the two models we have considered above. That is, there exists a clear
spiral-like behavior in the unit of α, but no such a behavior in the unit of M . Finally, we
plot the dependence of the temperature on the real and imaginary parts of QNMs in the
unit of α for the 4D EGB BH, respectively, in Fig. 28. We can see that the Davies points
locate at the saddle points.
7 Discussions and conclusions
In this paper, starting with the 5D Myers-Perry BH as a sample, we investigate the three
models of regular BHs in terms of a dimensionless skill that are the BV BH, the NC
Schwarzschild BH, and the EGB BH in the 4-dimensional spacetime. The first two BHs are
geometric regular, that is, there are no singular points in their background spacetimes, and
the last one is physical regular, i.e., particles can never reach its divergent range because
the gravitational force becomes repulsive and tends to infinity. What we focus on are
the differences between regular BHs and singular (traditional) BHs, in particular, in the
aspects of QNMs and thermodynamics, and the relevant phenomena induced by QNMs and
thermodynamics.
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Figure 27: The relations of the real part versus the imaginary part of QNMs for the 4D
EGB BH in the unit of M (left) and α (right). The blue dots are Davies point. The arrows
point to the direction of increasing parameter xc.
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Figure 28: The dependence of the temperature on the real and imaginary parts of QNMs
in the unit of α for the 4D EGB BH, respectively. The arrows point to the direction of
increasing parameter xc. The Davies points (blue points) are located at the maxima of the
curves.
The entropy bounds in the models of regular BHs are not universal. For the
BV BH generated by nonlinear electrodynamics, the entropy deviation is
δS =
ASch
4
(√
A
ASch
− A
ASch
)
. (7.1)
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where ASch = 16piM2 is the area of the Schwarzschild BH. Since A < ASch, δS is always
non-negative. When A→ Aext = ASch/e,
δS → ASch
4
(
1
e
− 1
e2
)
. (7.2)
For the NC Schwarzschild BH, the entropy deviation is also non-negative,
δS = 8piθ
∫ z
zext
du
√
pi− 2γ (32 , u)
4γ
(
3
2 , u
) . (7.3)
For the 4D EGB BH, the non-negative correction to entropy is
δS = 2piα ln
(
A
Aext
)
, (7.4)
where Aext ≤ A ≤ ASch. Therefore, the entropy bounds of the three regular BHs must be
increasing when compared with the Bekenstein bound of singular BHs, i.e. S = A/4+δS ≥
A/4.
Davies point is a saddle point of temperature diagram. Although the thermody-
namics of regular BHs has a lot of differences to that of singular BHs, the Davies points are
always the maximum points on Ω-T and λ-T planes if a proper parameter (except mass)
is chosen to rescale quantities. For a BH with a single Davies point, the diagram of heat
capacity is of two types, see Fig. 29.
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Figure 29: Two types of BH heat capacity
The left graph of Fig. 29 depicts the case with ∂MCα > 0, which implies that the Davies
point is the maximum of temperature. Moreover, the Davies point separates the state of
heat capacity into two phases. In the left phase, the heat capacity is positive before the
mass reaches its critical value at which the second order phase transition occurs, namely,
the temperature of BHs increases for a given “heat”. After the mass increases and exceeds
its critical value, i.e. in the right phase, the heat capacity becomes negative, namely, for
a given “heat” the temperature of BHs decreases and such a process is accompanied with
radiation. The right graph of Fig. 29 describes the inverse procedure, where the Davies point
is the minimum of temperature due to ∂MCα < 0. In the left phase, the heat capacity is
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negative and such a process is accompanied with radiation; then after the mass exceeds the
critical point, i.e., in the right phase, the heat capacity becomes positive and the radiation
terminates. We note that for the models of regular BHs we considered, ∂MCα > 0, i.e., the
Davies points are always the maximum of temperature.
QNMs of regular BHs in the eikonal limit have a spiral-like structure in a proper
unit. As we have observed, the spiral-like shapes discussed in Refs. [18, 20] do not exist
in the regular BHs if the QNMs are represented in the unit of M , but they appear if the
other parameters are adopted as units. The reason is that the imaginary part of QNMs in
the unit of M is a monotonic function of M , but a non-monotonic function of the other
parameters.
We apply the light ring/QNM correspondence to calculate QNMs. Our initial results
show that the imaginary parts of QNMs disappear at the critical point xp in the decay
process of BHs, and then the BHs go into an oscillation stage without damping. However,
our further studies of cone equations show that xp can never be reached for the three
regular BHs even though xp is greater than the extreme horizon xext. In other words, when
the regular BHs decay to the final state xext, neither the imaginary nor the real parts of
QNMs vanish. From the classical point of view, it may be difficult to understand why the
BHs being in their final state xext still have damping contributions. This puzzle gives the
motivation for our future investigation from the quantum point of view, e.g. to study the
canonical quantization of regular BHs in a minisuperspace [37].
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A QNMs in the eikonal limit
For the spherically symmetric BHs depicted by the metric
ds2 = −f(r) dt2 + f(r)−1 dr2 + r2(dθ2 + sin2 θ dφ2), (A.1)
where f(r) is shape function of BH, The photon sphere can be determined by effective
potential derived from the radial equation of photon, see e.g. Refs. [20, 22]
r˙2 + Veff = 0, Veff =
l2
r2
f(r)− E2, (A.2)
where l and E are orbital angular momentum and energy of photon. The condition to fix
the photon sphere is
Veff = 0, ∂rVeff = 0, ∂
2
rVeff < 0. (A.3)
The first equation determines the critical angular momentum lc, while the second equation
2f(r)− r∂rf(r) = 0 (A.4)
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can be used to fix the radius rc of photon sphere.
According to the light ring/QNMs correspondence [22], QNMs for the spherically sym-
metric BH in the eikonal limit (l 1) is of the following form
ω = lΩ− i
(
n+
1
2
)
|λ| , (A.5)
where the angular velocity Ωc and Lyapunov index can be computed by
Ωc =
√
fc
rc
=
1
lc
, λ =
√
fc(2fc − r2f ′′c )
2r2c
, (A.6)
and fc ≡ f(rc), f ′′c ≡ f ′′(r)|r=rc .
B Indices of scale factor for higher dimensional BHs
In this work we have used a dimensionless skill to investigate the property of regular BHs.
Here we list scale indices of variables for n-d Schwarzschild BH and n-d Myers-Perry BH
separately
Table 5: The n-d Schwarzschild BH
M r A S C κ T
1 1n−3
2
n−3
2
n−3
2
n−3
n−5
n−3
n−5
n−3
Table 6: The n-d Myers-Perry BH
M J r A S CJ κ T
1 n−2n−3
1
n−3
n−2
n−3
n−2
n−3
n−2
n−3
−1
n−3
−1
n−3
C rH − rc graphs and BH-PS cones
When ether horizon or radius of photon sphere can not be represented by the parameters
of BHs, e.g. mass, angular momentum, charge, etc., it is necessary to establish the rela-
tion between the horizon and photon sphere, i.e. cone equations, in order to connect the
thermodynamical variables and the QNMs in eikonal limit, calculated by light ring/QNMs
correspondence. In this section of appendix, we show the cone equations for traditional
BHs.
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For the Schwarzschild BH rH = 2M and rc = 3M , there is a single line instead of cone.
For Reissner-Nordström BH, one has equation of horizon r2H − 2MrH + Q2 = 0 and the
equation of photon radius r2c − 3Mrc+ 2Q2 = 0, which can be combined as a cone equation
− 3rcr2H + 2r2crH − 3Q2rc + 4Q2rH = 0, (C.1)
or after rescaling rc → Qy and rH → Qx, one obtains
3x2y − 2xy2 − 4x+ 3y = 0, (C.2)
see Fig. 30, where BH-PS cone of RN BH is shown in two different units.
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Figure 30: Cones of RN BH in two different units, the blue line denotes the case for
Schwarzschild BH. The dashed lines are the extremal radius of RN BH.
For Kerr BH, the horizon equation is a2 − µrH + r2H = 0 and the equation of photon
radius is
rc(3µ− 2rc)± 2a
√
2µ
√
rc = 0, (C.3)
where µ = 2M , a = J/M , then replace rH → xM and rc → yM , one gets the cone equation
in the unit of mass
4(x− 2)x+ y(y − 3)2 = 0, (C.4)
see the left plot in Fig. 31. The cases of corotating and counterrotating obits overlap,
moreover, the upper and lower cones meet at radius of extremal BH. Alternatively one can
use unit of J , i.e. perform the transformation rH → x
√|J |, rc → y√|J |, andM → m√|J |.
Then the horizon equation becomes
m2x(2m− x) = 1, (C.5)
The countunterrotating obits and corotating obits are
3m
√
my − y√my ± 2 = 0. (C.6)
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Figure 31: Cones of Kerr BH. The dashed lines are the radius of extremal BH.
The cone equations can be obtained by combing these two equations, the cones are shown
in the right hand of Fig. 31. The orange curve depicts the case of countunterrotating obits,
it is noted that there is only upper cone. The blue cure is for corotating obits, where the
upper and lower meet at radius of extremal BH.
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